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Abstract
In recent years, a number of artificial materials (so called
metamaterials) have been developed, tailoring exotic responses to
mechanical stress by exploiting geometrical features. A particular
class of 2D metamaterials consists of tilings of polygons that can
fold onto themselves by exploiting a mechanical instability
triggered by compression. A subclass of these materials shows a
sequence of two ordered states (one partially and one fully closed)
when biaxially compressed; however, the reason why such
networks fold in multiple steps is yet elusive and we are unaware
of a general rule to design them; it is even unknown whether it is
possible to increase the number of ordered states sequentially
reached by a network during the folding process. In order to
answer these questions, first we investigate a variety of designs to
determine the role played by symmetries, topology and elastic
energy; secondly, we focus on a hierarchical approach to design a
network with three folding stages; finally, we fully characterize
the mechanical response of this new network and we study how
the order of the system evolves during the folding process.
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Chapter1
Introduction
1.1 Overview
Figure 1.1: Rotation of
squares caused by uni-
axial compression.
In the fast-paced technological evolution of our
times, the demand for new materials is ever in-
creasing; in this context, materials with easily tun-
able properties can play a key role, and will likely
do even more so in the near future.
A number of new researches [1–4] have thus
emerged in the field of metamaterials, materials
that exploit their geometries to gain novel proper-
ties not found in nature[5, 6].
A relevant example of such metamaterials is
the so-called ”Holey Sheet” [3, 7] (shown in fig-
ure 1.2a), a square-latticed array of circular holes
drilled through an elastic polymer; under uni-
axial compression, this material shows auxetic
behaviour: when compressed along one axis, it
shrinks also along the perpendicular direction
(Poisson’s coefficent ν < 0). Looking at it from
a different point of view, this material can be thought to consist of square-
shaped blocks connected via thin beams: when a compressing strain is
applied, the thin beams bend and make the squares rotate (see figure 1.1).
The rotation ends when the squares reach full contact with each other, in a
more compact configuration; in other words, the system effectively folds
onto itself, closing the holes (as shown in figure 1.2b).
Among the many researches on foldable materials that followed, one in
particular [8] recently showed that it is possible to design a geometry
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(a) (b) (c)
Figure 1.2: a) A holey sheet. b) A folded holey sheet. c) A rank II network.
(shown in figure 1.2c) that exploits mechanical instabilities to fold twice
(a more formal definition of folding process and folded state will be given
in the next paragraph); this result was obtained by introducing a hierar-
chy in the connecting beams, differentiating them into two sets that would
deform at two separate stages. Despite this finding, however, it is still un-
clear which features of the network determine its behaviour: what role is
played by the connectivity of the individual squares? Are the symmetries
(local or global) of any importance? So far, the behaviour of some particu-
lar geometries is known empirically, but a predictive theory is still elusive,
and it is generally impossible to determine a priori whether a network has
ordered folded states or upon which conditions it can access them.
The goal of this master thesis project is to expand the understanding of
these folding processes by means of further investigations on geometries
with multiple folded states. In order to do so, at first we explored differ-
ent ways of obtaining such systems. In a second stage of this project, we
focused on extending the hierarchical approach used in [8], as it would
provide insight on both multi-foldable networks in general, and on the
specific subclass of hierarchical networks in particular. Finally, after suc-
cessfully building a hierarchical network with three folded states, we char-
acterized its mechanical and topological behaviour, and compared it with
the behaviour of its predecessors.
2
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1.2 Physics of the experiment
Folding processes
Before we proceed with describing the mechanisms through which fold-
ing processes take place, it makes sense to introduce a basic theoretical
framework. Let us then start with some definitions:
Folding: A deformation process that leads to a total reduction in vol-
ume due to closures of holes in the system.
Unit cell: A part of the network that, during the folding process,
move without internal deformation. In the holey sheet, the individ-
ual squares are the unit cells.
Self contact: Contact between parts of the network.
Folded state: An ordered configuration in which parts of the network
have reached self contact, biaxial compression doesn’t lead directly
to additional bending of the links, and the total volume is a fraction
of that in the original state. In the final, fully folded state, all squares
have reached self contact and form a square lattice.
Jammed state: A disordered configuration (i.e. the system doesn’t
show any spatial symmetry) in which parts of the network have
reached self contact and the system cannot be compressed further
without deforming the squares.
Multiple folding (/multi-step folding): A folding process during which
the system reaches a number of folded states between its open and
its fully closed configurations.
Folding path: The sequence of deformations followed by the network
during the folding process; it can also be viewed as the sequence of
energy configurations of the system as it evolves from one state to
the other.
Energy landscape: A mapping of all the possible configurations of a
network and their associated energy.
Rank: The rank of a network is given by the number of folded states
it exhibits. For instance, the holey sheet can only fold once into its
fully-folded configuration, thus it is said to be of rank I; a system
like that in [8], having an intermediate folded state between its initial
state and its fully-folded state, is said to be of rank II.
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It has to be noted that even when the geometrical/topological configu-
ration of a network would allow the existence of folded states, such condi-
tion is necessary but not sufficient for the network to actually reach them:
the system might simply collapse into a jammed state. In order for the sys-
tem to reach a folded state, its energy landscape must favour the correct
folding path, that is, all the links need to deform in a precise sequence.
Luckily, the energy landscape itself can be tailored to such purpose,
at least to some degree. Because buckling and bending both depend on
the geometrical features of the links, changing those will affect the stress
required to cause deformation; this implies that, if a steadily increasing
stress is applied to a number of thin beams, the sequence in which they
deform is determined by their geometries. Exploiting this simple tech-
nique, one can effectively design the folding path of a network.
One last thing needs to be accounted for to have a complete picture of
these processes: while, as we said, it is possible to tailor the energy land-
scape in such a way that the system will naturally collapse in its folded
states, nothing guarantees that such states exist in the first place. To date,
we are not aware of any general rule that connects geometry and topology
of a network to the presence of folded states. It has been noticed, how-
ever, that one can organize groups of unit cells (e.g. small squares) into
higher level structures that, up to a certain degree, move collectively; we
will refer to those as super-squares. If super-squares are tiled together in a
pattern that is known to present a folded state, like that of the holey sheet,
for instance, the network thus realized will also have such folded state.
Moreover, if the super-square itself can fold into a folded state, than it is
possible to design the energy landscape in such a way that both states will
be sequentially visited, thus increasing the rank of the network.
This idea found an application in the work of van Hecke et al.[8], in
which a rank II structure was designed starting from the holey sheet. In
this study, a super-square has been obtained by substituting to each squares
of the holey sheet a group of five squares (see figure 1.3a). Notice that this
approach consists in substituting a rigid unit cell with a foldable one: the
five-squares cross can fold onto itself, forming a smaller cross where the
sides of the squares are in contact, instead of their vertices. The new net-
work thus constructed presents two levels of unit cells, the squares and the
crosses. As shown in figure 1.3b, the crosses were tiled following the same
pattern as the holey sheet. The connections between the crosses (red dots
in figure 1.3) were made much thinner than those connecting the squares
within the crosses (green dots in figure 1.3), so that they would buckle first;
the super-squares thus fold once just like the holey sheet. When a folded
4
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state is reached (figure 1.3d), the new pattern is again one that leads to a
folded state, once the lower level unit cells (the individual squares) start
moving: the network fully folds, reaching a compact configuration (figure
1.3f).
This sequential process has therefore a hierarchical structure with two
levels: the behaviour of the network is first determined by the motions of
the super squares; once they have folded, the mechanical response of the
network is fully determined by the motions of the individual squares. This
is the reason why these networks are called hierarchical networks.
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Figure 1.3: In a, b, c, d, e, f): Red dots represent connections that hinge during the
first folding stages, green dots represent connections that hinge during the second
folding stage. a) Two levels of unit cell: the five-diamonds cross is the upper
level unit cell (super-square), each individual blue square is the lower level one.
b) A design of the network used in the experiment of [8]. Highlighted in blue
are the squares forming the unit cells on the lowest level; in pink is shown the
upper super-square, depicted as a bigger square to help recognize the holey sheet
pattern it forms. c) Transition between unfolded network and first folded state.
d) First folded state. e) Transition between the first and the second folded state.
f) Second (and final) folded state of the HR II network.
6
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Buckling instability
This experimental study revolves mainly around a single physical phe-
nomenon, the buckling instability, which characterizes the behaviour of
thin beams under axial compression. In fact, this phenomenon is what al-
lows the folding processes to occur in the first place: the foldable network
is a pattern of polygons formed by connecting them at their vertices with
thin beams; under compression the beams buckle, causing the polygons to
rotate and eventually get in contact with each other, and this is the folding
process that we investigate in this research. We have restricted our study
to patterns of either squares or triangles. What follows is a brief descrip-
tion of the buckling instability.
Let us consider a beam of length L and cross-section ab, and let us also
consider a force F applied on ab along L. As long as F is smaller than a
critical threshold F < FB, the beam is deformed along the direction of the
force; however, when F ≥ FB, a spontaneous symmetry breaking called
buckling occurs, causing a displacement in a direction perpendicular to
that of the force: the beam starts bending.
Figure 1.4: Buckling of a thin
beam under uniaxial compres-
sion along its length.
The threshold FB at which the insta-
bility occurs depends on the geometrical
features and the elastic properties of the
beam, and can be calculated as:
FB =
pi2EI
L2
(1.1)
where: FB is the threshold force, E is the
Young’s modulus of the beam, I is the
area momentum of inertia of the cross sec-
tion of the beam (I = a3b for a rectangu-
lar section), L is the length of the beam
[9].
Notably, an already bent beam is less
stiff against further compression than a
straight one; in other words, after the
buckling instability has taken place, the
beam effectively becomes more compliant to stresses along its length.
Let us now consider a number of beams with the same length and
different thickness, connected in a line via undeformable square blocks
of similar size (see figure 1.5); let us also consider the extremes of such
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”chain” to be clamped to walls that can only move along the length of
the beams. If the walls start compressing the chain with increasing pres-
sure, the beams will buckle and then bend; if, however, the thicknesses of
the different beams differ enough from each other (as expressed by equa-
tion (1), the threshold force depends on the third power of the thickness,
FB ∝ a3), it is possible that the strain required to buckle some links is not
enough to deform others: some parts of the chain will deform consistently,
while others will simply be displaced by the global motion, maintaining
their shape essentially unaffected. In order for this to happen, a key role
is played by symmetries: it can be observed during folding processes that
some symmetries of the pattern, broken by the onset of buckling, are re-
covered when self contact is reached. While the general reasons for this to
happen are not yet understood, this occurrence is at the very base of our
definition of multiple folding; in fact, in order to observe buckling (instead
of bending) as a consequence of compression, the folded state needs to be
such that the links in the network are symmetrically oriented against the
stress: this way, the stress is equally applied to all the links along their
(initial) axis.
Now that we have a clear picture of these processes, we ask a number
of questions on their nature: can we isolate a single feature of a network
that fully determines its foldability and rank? Is the construction rule that
we have just presented for rank II networks general (can we apply it to
other rank I patterns?) and is it possible to extend it in order to obtain
networks with rank III?
In the following chapters we will give a brief description of the exper-
imental apparatus and procedures adopted in this research, followed by
an account of the different geometries we studied in order to investigate
the questions mentioned above. We will then present in greater detail one
particular pattern on which we focused, showing and explaining the re-
sults we found when characterizing its response to biaxial compression.
Finally, we will summarize our findings and outline possible directions
that further studies on this subject may follow.
8
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Figure 1.5: Buckling of a chain of beams. The central link is the weakest (thinnest),
and indeed it is the only one visibly bending due to the compressive stress ap-
plied to the vertices of the chain.
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Chapter2
Experimental realization
2.1 Experimental apparatus
Hardware
Figure 2.1: Instron 5965
uniaxial testing device.
3D printer: All the networks used in this
study have been directly printed using either
a Lewihe Sneaker printer or a FELIX printer.
Both printers work by extruding fused fila-
ment from an electrically heated nozzle. The
filament can be made of one of a selec-
tion of materials: in this research we have
used Filaflex, an thermoplastic elastomer fila-
ment that allows for flexible prints. Its tech-
nical specifications can be found in Appendix
2.
Mechanical testing: In order to exert stress on
the printed networks, an Instron 5965 uniaxial
testing device was used. This machine comprises
of two clamps, one fixed at the bottom and the
other on an upper section that can be moved ver-
tically; the upper section also hosts a load cell
that measures the forces exerted during the ex-
periments. The machine can measure the vertical
movement of the upper section with a resolution
of 0.2µm, and the accuracy on load measurements is ± 0.5% of reading
down to 1/1000 of the load cell capacity (in our case, 10kN).
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(a)
(b)
Figure 2.2: a) Uniaxial compression of a HR II network. b) Tulip-shaped clamps.
Thanks to their geometry, they convert a uniaxial compression into a biaxial one.
Biaxial clamps: As it had been observed in previous studies [10], some
geometries repond to uniaxial compression with all the beams buckling
and bending in the same direction (see figure 2.2a), instead of the alter-
nated pattern typical of folding structures. In order to obtain the desired
behaviour, these networks need to be subjected to biaxial compression;
however, the Instron 5965 can only compress uniaxially. To solve this prob-
lem, a set of plexiglass tulip-shaped clamps, designed and built by LU Fine
Mechanics department, was used to convert the uniaxial compression into
a biaxial compression(figure 2.2b).
Camera: All the experiments that have been conducted on our net-
works have been video-recorded, acquiring images of the experiments via
a Basler camera with a Tamron 28-300 lens at an aperture of 5.6 f-stops.
Lighting: During the tests the samples were illuminated by a combina-
tion of frontal and rear lights, in order to provide enough light and contrast
to acquire clear images. The rear illumination was given by a LED light
panel (20x30 cm). The frontal illumination was provided by a neon lamp
and two LED bike lights; all frontal lights needed to be placed at the sides
of the apparatus, so as to avoid that reflections on the clamps affected the
image acquiring.
12
Version of March 4, 2016– Created March 4, 2016 - 17:27
2.1 Experimental apparatus 13
Software
3D printing: For the design of the network, we have connected python
scripting to FreeCAD, and exported .stl files; these files have successively
been run through Cura, a software that translates them into a code that the
printers could interpret and execute.
Data acquisition: Once the samples were implemented in the experi-
mental apparatus (i.e. clamped in the Instron), we used a software called
Bluehill R© to program and run the experiments. Image acquisition was
controlled via a program developed in LabVIEW: this program connected
the camera to the Instron, which would trigger snapshots at given times
during the test, so that images and data could be synchronized. In typ-
ical test, the sample would be first fully compressed by manually con-
trolling the machine, in order to determine the total amount of vertical
compression; this value would then be implemented in an automated test
developed in Bluehill R© : the sample would be compressed with a rate of
5mm/s, with load and vertical displacement being measured every 100ms
and pictures being acquired every 300ms with a resolution of 2048x2048
pixels, which corresponds to ≈ 722.5x722.5 mm.
Data analysis: Finally, image processing and data analysis have been
executed with an interplay of the software ImageJ and Python scripts, en-
abling tracking of the unit cells and comparison between images and raw
data acquired by the Instron.
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Detection
We decided to track and analyse the motion of the unit cells during defor-
mation, so that we could obtain more informations other than the mechan-
ical response of the samples; in particular, we could investigate whether
all symmetries of the system are broken between folded states. In order to
detect the squares, we marked them with straight lines along their diago-
nal; at first the marks were applied manually with a pen, in a later stage
the lines were directly 3D printed on the network. Once the images were
acquired, if the contrast between the marks and everything else was high
enough, we could use ImageJ to threshold the images so as to keep only
the marks; we could then fit ellipses on them, in such a way that the major
axis of an ellipse would be aligned to the diagonal of a square; with this
procedure, ImageJ provides position and orientation of the fitted ellipses
(i.e. the marked squares) in every picture.
(a) (b) (c)
Figure 2.3: a) HR III network in the clamps. b) Thresholded image of a). c)
Ellipses fitted on b).
14
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Tracking
Because it is possible to associate with every picture a measurement of
load/displacement coming from the Instron, the sequence of images also
represents the time sequence of the experiment (every picture corresponds
to a particular instant of the process). By having the data on the fitted el-
lipses from every picture we were therefore able to effectively track posi-
tion and orientation of the squares throughout the whole process.
It has to be noted, however, that there are some important experimental
difficulties with this procedure: if the contrast between marks and back-
ground is not high enough during the whole process, at some time-step
it can happen either that a mark is excluded from the picture (in which
case the tracking algorithm stops following it), or that other parts of the
sample become included in the picture and get treated as marks, affecting
the shape and/or the number of the fitted ellipses. To address this prob-
lem, we included the LED lights (to provide better illumination and, thus,
better contrast) and we tilted the camera by 45o degrees (so as to align
the sides of the picture frame with the side of the sample, thus effectively
gaining a factor
√
2 in resolution).
Figure 2.4: Tracking of the squares in a super-square II (the highest level unit cell)
of a HR III network. a) Initial state. b) Detected initial state (blue circles),tracked
motion (grey lines), detected final state (red triangles). c) Final state.
Version of March 4, 2016– Created March 4, 2016 - 17:27
15
16 Experimental realization
Calibration of the 3D printer
The main experimental limit of this study were given by the finite reso-
lution of the camera, and by the precision and the quality the 3D printer
could achieve. The final quality of the print would depend on a set of pa-
rameters, such as the printing speed and each layer’s thickness, as well as
it would vary with the overall size and complexity of the model.
In order to optimize the quality of the prints, the network in figure
2.5b has been printed several times; we could find the optimal settings
for printing our patterns by comparing the quality of the resulting struc-
tures (taking into account factors such as the accuracy in printing small
parts, determined by measuring them and comparing them with the pro-
grammed parameters, and the number and entity of eventual defects). The
network (shown in figure 2.5b) has been chosen as a good representation
of the complexity that our prints required. From these tests, it turned out
that the most influential settings were nozzle temperature, print speed and
layer thickness; the optimal settings that we found can be seen in table 2.1,
while in Appendix 1 are reported the results for all the tests that we run.
A simpler print has instead been used to determine the maximum pre-
cision the Sneaker could achieve: a number of ”dogbones” (two squares
connected by a thin beam at the vertices) of different sizes were printed,
showing that the machine could print parts as thin as 0.8 mm, with stan-
dard deviation of± 0.1 mm. It has to be noted, however, that the chance of
printing failures (ranging from inaccuracies in the print to total clogging
of the machine) would increase considerably with the size of the network
and its complexity. In the final stages of the present study, where accuracy
would be crucial for the experiments, these issues resulted to be too im-
pairing, and some networks have been built with the FELIX printer by J.
Mesman-Vergeer from the Fine Mechanics department of L.U.
16
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Sneaker’s basic parameters (unchanged during all tests):
Layer height 0.2 mm Nozzle size 0.4 mm
Shell thickness 0.4 mm Retraction speed 40 mm/s
Bottom-top thickness 0.4 mm Retraction 4.5 mm
Fill density 100% Z-hop when retracting 0.075 mm
Sneaker’s optimal settings:
Printing speed 35 mm/s Temperature 230 C
Minimum travel for retraction 5 mm Skirt lines count 2
Table 2.1: Optimal settings found during the calibration of the Sneaker 3D printer.
(a)
(b)
Figure 2.5: a) A chain of ”dog-bone” structures used to determine the maximum
accuracy of the Sneaker printer. The diagonal of the squares is ≈ 4mm long and
the thicknesses of the connections, from thickest to thin, are ≈ 2mm, ≈ 0.8mm,
≈ 0.5mm. The results regarding the thinnest part, however, could not be accu-
rately reproduced: successive attempts would produce different results, often re-
sulting in print failure. b) Model printed to calibrate and optimize the parameters
of the 3D printer. The total length of each side is 7.5cm, with each square hav-
ing a diagonal of ≈ 4mm and ticknesses of connections between 0.8 and 1.8mm.
Notably, this network is a tiling of 4 unit cells of the highest level of the HR III
pattern.
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2.2 Exploration phase
At the beginning of this research, there were two very broad questions:
why do some networks fold while other don’t, and is it possible to build
a network that shows three sequential folded states? What follows is an
account of the different strategies we have tried in order to answer the sec-
ond question, some successful and some not, while expanding our knowl-
edge to answer the first.
Squares
Figure 2.6: Three hi-
erarchies of unit cell;
the super-square II is
marked in yellow, the
super-square I in red
and the lowest level unit
cell (the last one to ro-
tate) in light blue.
A first attempt at building a rank III model con-
sisted in extending the hierarchical construction;
the network showed in figure 2.7a is the resulting
model. As it can be seen in the picture, the hierar-
chical approach was (mistakenly) applied only to
the central section of the network (compare with
figures 2.6 and 2.7b), forming a less symmetric
pattern on the super-square II. This inevitably re-
sulted in the disruption of the expected folded
state -the network would always jam under biax-
ial compression (see figure 2.7d).
While this model represented a failure in the
attempt of creating a rank III structure, it still
proved to be instructive, as it highlighted the
strong influence of the boundaries of the struc-
tures on their folding processes.
A second model, depicted in figure 2.7c, was
used to investigate the possibility of changing the
size of some squares to favour their rotation. The
resulting network indeed proved to be of rank II, as expected (two differ-
ent sizes of squares, equivalent of the 2 different thicknesses in the regular
rank II network), without the need to vary the thickness of any link. The
extension of this approach to a rank III network, however, was discarded,
despite it being theoretically sound; this is because it required squares of
three exponentially increasing sizes, thus exceeding either the maximum
printable surface allowed by the Sneaker, or its accuracy in printing small
parts.
18
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(a) (b) (c)
(d)
(e)
Figure 2.7: a)A failed attempt at building a HR III network. Comparing with b),
notice the missing parts of super-squares II at the boundaries. b) Correct model
of a HR III network. c) A rank II network characterized by squares of two sizes;
the side of the small square is half the side of the big one. d) Snapshots of the
jamming process of network a). e) Folding steps of network c); in red the first
hierarchy of connections, in yellow the second hierarchy.
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Windmills
Figure 2.8: Folding
steps of a windmill
network.
In parallel with the experiments on networks with
square-shaped unit cells, other geometries were
being tested.
In particular, we designed a unit cell consist-
ing of a network of rectangles of increasing size
(see figure 2.8) extending from a central square.
The idea behind this design was to build a system
which could fold from the center outwards, with
the rectangles connected to the central square col-
lapsing at its sides, forming a bigger square; at ev-
ery folding step, the central square would become
bigger, while the arms extending from its vertices
would become shorter, until full closure. Such a
unit cell could then be tiled, for instance with a
holey sheet pattern, to build a network of any de-
sired rank.
When experimentally realized, this unit cell
proved to work as designed only partially: the
system would collapse under compression as ex-
pected, but there would be only one onset of buck-
ling instabilities, followed by continuous bend-
ing until full closure; these system proved there-
fore not to be sequential in their shape-changing.
Moreover, all experimental realizations of tiling
were met with failure: the links would never
buckle and bend in the correct sequence, leading
instead to a jammed state. While this could simply
be the result of not enough accuracy in designing
the energy landscape for the system, we decided
not to insist on this particular design, and instead focused on the hierar-
chical rank 3 squares network.
A lesson, however, could still be learned: even when the folded state is
the most favourable final state, in order to reach it the correct folding path
needs to be the least energetically expensive at every instant; it is very
important, therefore, to design the energy landscape with great accuracy.
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Triangles
Figure 2.9: Cuts in a
square can allow it to
unfold into triangles .
One other approach used to design a rank 3 net-
work was inspired by the work of Ron Resch [11].
From his work we took the idea of making cuts in
regular polygons to open them into rings of trian-
gles. In particular, there is a way (see figure 2.9)
to make a square unfold into four connected tri-
angles.
Our first idea has been to apply this technique
to the rank II model (see figure 2.10a): upon com-
pression, the network would first fold into the
rank II configuration, and then behave regularly,
folding two more times; the system would then
be of rank III in total. While it was a sound model
in theory, experimentally it proved to be too chal-
lenging to print accurately, thus leading only to partial success (only the
first folding stage would occur as programmed). We decided not to inves-
tigate further in this direction, as even if it could work, it would not teach
us much about the physics of folding processes.
A second application of the ”unfolding polygons” approach consisted
in a holey sheet-like tiling of 4-fold split squares (see figure 2.10b and
2.10c). The network thus created showed a set of remarkable properties:
It is compliant to uniaxial compression from both directions.
In both directions it behaves as a rank 2 network, without the need to
differentiate the thickness of the links to separate their deformation
in time.
Even when fully folded, some of the unit cells at the boundaries
would be free to move.
This network provided us with an important insight on these processes: in
fact, while being topologically and geometrically different from the rank II
model of the previous study[8], it would still present a two-steps folding
behaviour. Moreover, for this network, the key role is played by geometry
and self contact, as they seem to guarantee the correct folding path.
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(a)
(b)
(c)
Figure 2.10: a) A pattern that can ideally fold into a HR II network. b) Compres-
sion of a holey sheet-like tiling of triangles from the xˆ direction. c) Compression
of a holey sheet-like tiling of triangles from the yˆ direction.
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2.3 Focus: the hierarchical approach
As already announced in the previous sections, at the end of the explo-
ration phase we decided to focus on the hierarchical approach only: is it
possible to use it to obtain networks of rank III or higher? If so, how and
why does it work?
In order to extend the hierarchical approach to rank III, one has to re-
peat the same procedure (substituting every square with a group of five)
to the HR II network. Intuitively, the network will have a greater number
of links that can bend, and will thus have more possibilities to end up in
a jammed state; this happens because any link that deforms at the wrong
time-step causes the displacement of at least two squares, breaking the
symmetric pattern of the folded state and causing an extra stress on the
neighbouring connections, which, in turn, will be more likely to deform at
the wrong time.
However, it is an easy mental exercise to find the folding path that
leads to three folded states: one has to start with the super squares II and
recognize that they are set in the same pattern as a holey sheet, thus they
can fold following the same motions; once self contact is reached, a new
level of unit cells can be defined, following the same pattern as the HR II
first folded state, and it is then possible for the system to fold again. When
a new folded state is reached, the lowest level unit cells (the individual
squares) are again in the same pattern as the super-squares in the previ-
ous state, thus they can fold once more, leading to full self contact. Figure
2.11 shows the folding steps and different levels of unit cells of this pro-
cess.
One can then realize that there must be 3 sets of links deforming at differ-
ent times. In order to obtain this behaviour, it follows that there will have
to be links of three different thicknesses, in order for the energy landscape
to favour the correct folding path; a limit case would be for all the links to
have the same thickness, which proved to work for the HR II network.
While this approach seems sound in theory, the first experimental real-
izations of the network all led to failure; not only using links all of the
same thickness would always result in a jammed state, but even assigning
different thicknesses to the connecting beams (following the hierarchical
procedure) didn’t produce the expected folded states: the network would
often reach the first folded state, but then small imperfections would make
it deviate into a jammed state.
What follows is an account of all the aspects of this experiment that
could disrupt the correct folding process.
24
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Figure 2.11: a, b, c) Red dots: first connections to buckle; green dots: second
connections to buckle; blue dots:connections that will buckle last. a) Unfolded
HR III network. b) First folded state of the HR III network. c) Second folded state
of the HR III network. d) Final folded state.
Experimental limits
First of all, we observed that when there is only a small difference between
the thickness of the three sets of links, some of the connections bend before
their due time, deforming the network and preventing it from reaching the
folded states.
In order to correct this behaviour, a high contrast in the thicknesses
of the links is required. However, the printable surface is fixed (for the
Sneaker, the maximum printing area is ≈ 300x185mm), thus limiting the
maximum size of the network; moreover, it has been shown [12] that the
capability of a network to fold depends also on its porosity, a parame-
ter that describes the size of the holes compared to the overall size of the
network; by directly printing networks with the geometry of the second
folded state (figure 2.11c) and compressing them, we found that the thick-
est connections need to be less than 12 the diagonal of the squares in order
for the network to fold. Finally, the thinnest parts that can be printed by
the Sneaker are about double the nozzle size, thus ranging around 0.8-
0.9 mm. There was therefore a strict experimental limit to the maximum
contrast we could realize in the thicknesses of our printed networks(the
thinnest part being ≈ 0.4 times as thick as the thickest).
To find the required contrast and optimize our networks, we com-
pressed a number of ”dog-bones” of different thicknesses, measuring the
stress required to deform them (causing buckling) as a function of the
displacement. The measurements acquired, while not extremely accu-
rate (due to the difficulty of aligning single dog-bones to the stress and of
preventing them from slipping and falling during compression), allowed
us to estimate with some approximation the required geometric specifica-
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tions of the links in order for the correct sequence of folding to take place.
As it can be seen from table 2.2, doubling the thickness of a connection
would not produce an increase in the buckling load of a factor 8, as one
would expect from the theory (FB ∝ a3); this is because, by increasing
the thickness of the beam connecting two squares, one increases also its
length by the same amount (compare figures 2.12a and 2.12c). We con-
cluded that, given all this limitations, we would need to differentiate not
only the thickness of the links, but also their height (upon which the buck-
ling stress depends linearly).
Buckling load tests on ”dog-bones”
Thickness(mm): Buckling Load (N):
0.8 2.1
1.2 2.55
1,6 5.75
Table 2.2: Stress required to buckle connections of different thicknesses.
(a) (b) (c)
Figure 2.12: Three ”Dog-bones” used to optimize the contrast between links of
different hierarchies. a) Thickness: 1.6mm. b) 1.2mm. c) 0.8mm.
One other factor that we found to play against the folding process is
friction, which opposes to the motion of the squares. If the surface of the
clamps and/or that of the squares themselves are not uniform, some of the
squares might be more obstructed than others in their motion, resulting in
an asymmetric global deformation that ends in a jammed state. As we will
explain in greater detail later, this is particularly true for the squares at the
boundaries.
26
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Finally, it has to be noted that the printed networks are not fully elastic:
after the first compression, they revert to a slightly deformed state; this is-
sue is enhanced by the fact that the networks are held in a vertical position
when compressed, and are thus further deformed by the pull of gravity.
Because of that, the initial buckling instability and the consequent sym-
metry breaking are not observed after the first compression. The choice of
vertical positioning, however, was justified by the consequently reduced
friction against the plates of the clamps.
Figure 2.13: Effects of gravity and permanent deformation on the HR III network.
Version of March 4, 2016– Created March 4, 2016 - 17:27
27
28 Experimental realization
Boundary frustrations
As already observed in the previous sections, the boundaries of the net-
work play a determining role in the folding process. Boundary squares
undergo greater friction, compared to the bulk ones, as they are in con-
tact with the compressing surface; moreover, because of the shape of the
clamps (interlaced plexiglass panels, with enough space between panels
for them to slide between each other), it is possible for the squares to de-
form and become partially stuck between plates, further impeding their
correct motion; finally, after the first folded state, the corner squares end
up having two sides in full contact with the sides of the clamps, and are
often prevented from further rotation.
During the experiments, we have observed that such imperfections at
the boundaries often propagate to the bulk of the network as the stress
is increased (see figure 2.14. We decided not to study this diffusion of
”defects”(mis-steps in the correct folding sequence), but we concluded
that at least 9 super-squares are required (8 at the boundaries plus a central
one) to have at least the central section of the network folding correctly.
Figure 2.14: From top left to bottom right: propagation of ”defects” from the
boundaries to the bulk during the folding process.
28
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Results
3.1 Rank III folding
After calibrating and optimizing the design of the network, we found a
successfully folding network characterized by thicknesses as reported in
the following table:
Figure 3.1 shows a plot of the force applied as a function of the strain
(vertical displacement divided by total length in open configuration). As
explained in the theory section, the force required to buckle a beam is con-
siderably greater than that required to bend it; as a consequence, in a plot
of force against strain, one expects the curve to be steep before a buckling
instability takes place, and relatively flat afterwards; if multiple buckling
instabilities occur at different moments, the resulting plot should appear
step-like.
In our case, we expect three flat regions in the plot, representing the
bending phase that follows a buckling instability, separated by the steep
increases characteristic of buckling. Indeed, we can observe in the graph
that the blue curve behaves as we would expect from the theory, excep-
tion made for the missing initial steep jump corresponding to the initial
Hierarchy level III Hierarchy level II Hierarchy level I
a (mm) 0.9 1.2 1.6
L (mm) 0.9 1.2 1.6
b (mm) 3.5 10 10
Table 3.1: Geometric features of the connections of all three hierarchies.
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buckling instability: as anticipated, this is due to the imperfect elasticity
of the network that, combined with the gravity pull, deform the initial
state breaking its symmetry. One other notable feature of this plot is the
increasing steepness of the curve: this effect is caused by the increasing
number of links that need to buckle at every successive folding step. The
system therefore alternates states of compliance to stress with states of in-
creasing stiffness.
Figure 3.1: Force plotted as function of the strain. In blue, an HR III network with
the geometries specified in table 3.1; in red, an equilink HR III network.
The red curve shows instead the same plot for a network in which all
the links have the same dimensions, to which we will refer as equilink from
now on. The smooth shape of the curve shows a disordered deformation
of the links, and it keeps on increasing as more squares reach self contact,
preventing their links to bend further and deforming through compres-
sion instead. In the final stages of compression, however, we can notice
that the load required to further compress the equilink is actually lower
30
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than that for the other network; this means that it hasn’t reached a fully
closed configuration when the correctly folding network, represented by
the blue curve, is in its final state. A comparison between the two curves
shows the striking effectiveness of the approach used to tailor the energy
landscape of the system: by a small variation in the geometrical parame-
ters of the network, one can greatly vary the mechanical response of the
system to biaxial stress.
Finally, figure 3.2 shows a comparison between the load against dis-
placement plot in a HR I network, an HR II equilink network, and HR III
(both regular and equilink) networks. From these images, we can visual-
ize how each new hierarchical level adds a (steeper) step in the plot.
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Figure 3.2: a, b, c, d)Colored areas represent different stages of the folding pro-
cess; yellow areas show when the network is in a folded state, and green areas
highlight the region in which it has reached the final, fully folded state. a) Load
as a function of strain in a holey sheet (HR I) network. b) Load as a function of
strain for an equilink HR II network. c) Load as a function of strain for a HR III
network. d) Load as a function of strain for an HR III equilink network.
32
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3.2 Rotations and symmetries
Another quantity that we can use to characterize these multi-step fold-
ing processes is the relative orientation of the squares: after buckling, the
beam connecting two squares bends, thus the angle between the two unit
cells transits from 0 (straight beam) to pi2 (self contact reached).
For a plot of θ (the relative orientation of two adiacent squares) against
strain in an HR III, which is shown in figure 3.3c, it is to be expected that
all links will follow one of three curves (or their symmetric correspondents
at negative angles), all with the same shape, but each one starting at a
different strain, corresponding to the onset of a set of buckling instabilities.
To be more precise, one should expect one curve to start deviating from
constant 0 when the previous curve reaches pi2 ; this, in fact, translates into
the new set of connections buckling after the previous set has reached self
contact.
Conversely, in an equilink network (shown in figure 3.3d), it is to be
expected that the relative orientations of all links will start to vary at ran-
dom moments, and will follow a less sharp transition, not always ending
up at θ = pi/2, as the system jams into a disordered state.
By studying figure 3.3c, we can see that our networks behave in good
agreement with our theoretical expectations described above. We can also
observe, however, the experimental limits of this study: not all curves start
from θ = 0, showing that the networks are already partially bent; more-
over, the bending of different links of a same hierarchy don’t always fol-
low the same path, with some reaching pi/2 earlier than others or not at
all, which means that the deformation is not simultaneous throughout the
whole network. It has to be noted, however, that while this could be be-
cause of imperfections in the network, it could also be an artifact caused by
insufficient precision in the detection of the marks: shadows or partially
bent lines (for instance, due to deformation of the squares) could alter the
shape of the fitted ellipses, altering their extrapolated angle.
Figures 3.3a and 3.3b show the same plot for an HR I and an HR II equi-
link networks, exhibiting the expected behaviour: all connections bending
approximately at the same time in the former, and bending in two distinct
time-steps in the latter. In the plot of the data from the HR I network it has
to be noted that the curves don’t reach pi/2; this is because boundary frus-
trations, caused by the biaxial compression, prevented it from fully fold-
ing. More interesting, however, is a comparison between the behaviours
of the HR II and HR III networks: as it appears clearly from the plots, the
network with the two hierarchies follows the correct folding path despite
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its connections being all of the same thickness, while in the HR III a strong
geometrical differentiation between the hierarchies had to be introduced
to obtain the expected behaviour. We believe the behaviour of the HR II
network to be a limit case, allowed by its particular topology (only unit
cells with either four or two vertices connected, apart from the bound-
aries). Finally, it should be noted that the bending angle of the thinnest
connections in HR I and HR II networks averages to 0. This is due to an
extra symmetry inherent to the folding of the holey sheet pattern (which
all unit cells of the highest hierarchical level follow): as was shown in fig-
ure 1.1, adiacent unit cells of a holey sheet rotate in opposite directions (i.e.
the bending angles of two consecutive connections have opposite signs);
this is not the case for the links of the other hierarchies, which all bend in
the same direction. It can be seen in figure 3.3c that the bending angle of
connections belonging to the first hierarchical level would appear to break
this symmetry; this result, however, is just a consequence of the limited
number of such connections being tracked: because only one entire super-
square II could be printed, there were not any two adiacent connections of
the first hierarchy to track.
34
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Figure 3.3: a, b, c, d) In lighter colors, the curves corresponding to the bending an-
gle of individual connections; in darker colors, averages of their absolute values.
Blue corresponds to the first hierarchy (first set to buckle), red to the second hier-
archy (second set to buckle) and black to the third hierarchy (third set to buckle).
a) Bending angle of links in a holey sheet network, as a function of the strain. b)
Bending angle of links in an HR II equilink network, as a function of strain. c, d)
Bending angle of links in an HR III and an equilink HR III, as a function of strain.
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3.3 Order parameter
We have already noticed that the system doesn’t fully fold unless the con-
trast between the links is high enough. We have decided then to study how
the order of the system (how ”well” the network folds) changes at different
contrasts.
Figure 3.4: Example of θj.
In order to do so, we first need to de-
fine a quantity that describes the ge-
ometry of the beams. It seems nat-
ural to borrow it from the equation
that regulates the buckling load, so we
will define the geometrical factor Gi ≡
a3i bi/L
2
i ; we can then define the con-
trast between two links i, j as Ci,j ≡
Gi/Gj.
Now, we need a more precise definition
of ”order” for our systems. As we know,
the final state of a fully foldable network is that in which all holes are
closed. We can then refer to the state as ordered if this is true, and define it
instead more or less disordered when there are holes that cannot be closed
without deforming the squares themselves. In the case of the HR III net-
works in study, when the final state is ordered all the squares are arranged
into a square lattice. We can then formally quantify the order of the sys-
tem by introducing an order parameter ψ that describes the deviation of the
system from the ideal configuration.
Let us now give a formal definition of ψ. Let Γ be the center of a
square, and let xˆ be an arbitrary axis (for instance, a horizontal axis) pass-
ing through Γ. Let then j be a neighbour of Γ at (polar) coordinates (rj, θj),
where the angle is measured in relation to xˆ. We can then define:
ψ =
1
N ∑Γ
1
Nj(Γ)
∑
j
emiθj (3.1)
where N is the total number of squares considered, Nj(Γ) is the number
of neighbours of each Γ, and m is an integer that normalizes ψ to one
when the system is ordered; for instance, for an ideal square lattice, all
neighbours are positioned at θ = 0, pi, and ±pi/2, thus m = 4n (with
n = 1, 2, 3, ... integer) leads to ψ = 1.
The concept of ”neighbour”, however, can be elusive if referred to a
jamming, disordered network; in practical terms, it is difficult to deter-
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mine from an image whether two square should be considered as neigh-
bouring or not. To dissipate this ambiguity, we make use of the Voronoi
tessellation with Euclidean distance. Let us consider any set of N points
(referred to as seeds) in a plane; the plane can then be partitioned in N cells,
each containing all the points that are closer to one particular seed than to
any of the others. In our case, we can identify the position of the center of
each square with a seed of a Voronoi cell, in which the distance of a point
to the seed is calculated according to Euclidean metric. We can then define
two squares as neighbours if their Voronoi cells are neighbouring.
Figure 3.5: Voronoi tessellation of the central section of an HR III network in its
first folded state.
In our study, we have applied the protocols described above to an HR I,
an HR II (equilink), a fully folding and an equilink HR III networks. More-
over, we have tried to follow this approach to characterize the networks
not only when they were in their final states, but during the whole folding
process. As can be seen from figure 3.6, all squares that are connected with
a link of the second hierarchy have neighbours at pi/4; in order to take this
fact into account when calculating ψ, the normalizing factor m had to be
set at m = 8. Furthermore, it has to be noted that we limited our analy-
sis to the squares contained in the central super-square II and the squares
directly connected to them (in order to include connections of the third hi-
erarchy). Due to this limitation, in the final stages of the folding process,
some of the diamonds at the boundaries will result to have neighbours that
do not correspond to the real ones: regions that would be filled by squares
in the real network, result instead to be empty in the detected one; these
empty spaces are then subdivided into extensions of the voronoi cells of
the squares around them, thus realizing artificial neighbourhoods that do
not correspond to the ones of the real network. This will have an impact
on the estimation of the order parameter, effectively lowering its value.
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Figure 3.6: Tracked positions of the squares of a unit cell of highest level, at dif-
ferent strains, corresponding to the folded state of a HR III network; highlighted
are the Voronoi cells generated around each square, color coded (from dark red
to dark blue) to represent their local contribution to ψ.
Figure 3.7 shows the plot of ψ against strain for the folding process of
four networks with different hierarchies: HR I, HR II, an HR III character-
ized by C1 = 1.5, C2 = 3.8 (a fully folding network), and an equilink HR
III. As we can see, the rank I network starts as fully ordered, coherently
with our definition of order; during the deformation, the order decreases
due to the boundary frustrations discussed in the previous paragraph. The
order of the networks with HR II and HR III shows sharp peaks in corre-
spondence to the reaching of a folded state, followed by steep drops corre-
sponding to the symmetry breaking caused by buckling; it has to be noted
that both networks show, on average, a relatively low order (≈ 0.5): this is
to be attributed to a number of experimental causes, mainly imperfections
in the detection and tracking of the squares (which affects the estimated
position of the seeds of the voronoi cells), and limited number of squares
tracked (resulting in empty areas in the final folded states). Moreover,
the order of the HR III networks appears to be higher at the end of the
process; however, this is a result of the initial pre-bent state, in which the
system is less ordered than in its ideal open configuration. Finally, we
can see that the order of the equilink network decreases during the whole
process, compatibly to its jamming path, with some oscillations caused
by parts of the network reaching self-contact and forming temporarily or-
dered islands.
By looking at the values of strain at which the networks reach their
folded states (highlighted by the peaks in the value of the order parame-
ter), we can see that they are in good agreement with what would be ex-
pected from geometrical considerations: in correspondence to the folded
states, the strain should assume values of 1− 1
(
√
2)m
, where n is the hierar-
chy of the folded state (e.g. n = 1 for the first folded state, n = 2 for the
second folded state, and so on). A small discrepancy from these values for
the HR III networks is explained again by its initial pre-bent configuration,
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which was considered the starting point of the test (at which the strain was
set = 0); while this affects the quantitative precision of the measurements,
it leaves unaffected the qualitative validity of our results.
Figure 3.7: a) Plot of ψ against strain for an HR I network; the inset shows the
voronoi tessellation of the tracked portion network at different values of strain.
b) Plot of ψ against strain for an HR II network; the inset shows the voronoi tes-
sellation of the folded states of the network. c) Plot of ψ against strain for an HR
III network with C1 = 1.5, C2 = 3.8; the inset shows the voronoi tessellation of
the folded states of the network. d) Plot of ψ against strain for an HR III equi-
link network; the inset shows the voronoi tessellation of the tracked portion of
the network in correspondence of values of strain at which local self contact was
reached.
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Conclusions
Summarizing, in this study we have built a number of foldable network of
various ranks, proving the effectiveness of direct 3D print and, at the same
time, expanding the general knowledge on the folding processes.
First of all, we have found that the energy landscape of the system
plays a fundamental role in the process, as folded states can be reached
only if the correct folding path is is favoured. This implies that the ”fold-
ability” of a network is not intrinsic to its topology. Moreover, we have
also found that the energy landscape for this networks depends almost
entirely on very few parameters, such as the thickness of the beams, and
is therefore easily tunable.
We have also found that different geometries can be combined in dif-
ferent hierarchical levels, augmenting the total rank of a network. This
simple fact widens greatly the number of options for designing networks
with preprogrammed responses, allowing for a more precise tailoring of
material properties and the development of a class of materials sensitive
to their environment.
In particular, we showed the effectiveness of a simple design rule that
exploits self-similarity to expand the rank of the network in a hierarchi-
cal way: by applying the rule described in the previous section, one can
design a network of any given rank, being limited only by experimen-
tal factors, such as the accuracy of the fabrication method. It has to be
noted, however, that because of these experimental limits, this procedure
presents an important caveat: each hierarchy added to the network multi-
plies the number of squares, increasing exponentially the number of links
and linearly the number of parameters upon which the energy landscape
depends; as a consequence, every additional rank requires more accuracy
in tailoring the beams geometries to favour the correct folding path.
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Focusing on these networks, we have studied experimentally their me-
chanical response, finding it in good agreement with theoretical predic-
tions, within the experimental limits. Moreover, we have tracked the mo-
tion of the single squares and confirmed again the expected behaviour.
From our data, we can conclude that in hierarchical networks the folding
process can be subdivided in separate stages, in each of which the be-
haviour of the network is entirely regulated by a single hierarchy. In other
words, in a HR n network, the mechanical response is first determined by
the links belonging to hierarchy n (i.e. the links connecting the unit cells
of the highest level); once the first set of squares reaches self contact, these
connections stop playing a role, and the response is further determined
only by the links of hierarchy n− 1, until they too reach self contact, and
so on.
Finally, we have fully characterized the order of these systems with a
single parameter, and we have studied its evolution throughout the fold-
ing process of four hierarchical networks that follow different folding paths.
We found that the order increases when the system evolves towards a
folded configuration, reaching a local maximum in correspondence of self-
contact, and it drops steeply during a new onset of buckling instabilities;
conversely, the order of the system decreases steadily when the folding
path leads to a jammed state.
Our research could lead to a number of applications, from deployable
technologies that can be folded during transportation and become opera-
tional once unfolded, to complex electronic parts (exploiting self contact
to create different circuits at different folding states), to soft robotic parts
that can dynamically change their compliance to external stresses by rear-
ranging into folded states.
A number of questions however remain still open: would it be possible
to engineer the energy landscape of hierarchical networks so that they fold
starting from the lowest level unit cell up? If it is not possible, is there a
fundamental reason for that? When a folding step is imperfect (compared
to the ideal path that leads to a folded state), how does this mis-step prop-
agate during the process? How does the order of the network depends
on the contrasts between the connections, and how does this change with
the rank of the network? More in general, is it possible to extend these
findings to 3D materials? Are there other ways to actuate the folding pro-
cess, other than mechanical compression? Is there a generic rule to design
materials that can fold in 2 or 3 dimensions?
There is still a lot of space for research in this field, which could even-
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tually lead to the possibility of designing materials with mechanical prop-
erties ”on-demand”.
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Appendix 1
Quality tests for different settings:
Sneaker’s Settings Test # 1:
Printing speed 50 mm/s Temperature 230 C
Minimum travel for retraction 5 mm Skirt lines count 1
Results:
Not a high quality print, many loose/stray filaments, imperfections in the squares.
Sneaker’s Settings Test # 2:
Printing speed 50 mm/s Temperature 230 C
Minimum travel for retraction 5 mm Skirt lines count 2
Results:
Same as test # 1, but with less mistakes in the initial layer.
Sneaker’s Settings Test # 3:
Printing speed 35 mm/s Temperature 230 C
Minimum travel for retraction 5 mm Skirt lines count 2
Results:
Reasonably high quality, well-shaped squares and few stray filaments.
Sneaker’s Settings Test # 4:
Printing speed 35 mm/s Temperature 230 C
Minimum travel for retraction 2 mm Skirt lines count 2
Results:
Bad quality, the thinnest connections were printed badly or not printed at all,
many stray filaments.
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Sneaker’s Settings Test # 5:
Printing speed 35 mm/s Temperature 220 C
Minimum travel for retraction 5 mm Skirt lines count 2
Results:
Almost no stray filaments, well-shaped squares, mistakes in the first layers.
Sneaker’s Settings Test # 6:
Printing speed 35 mm/s Temperature 240 C
Minimum travel for retraction 5 mm Skirt lines count 2
Results:
Bad quality print, many stray filaments and extra connections between the squares.
46
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Appendix 2
Filaflex technical specifications:
Diameter 1.75 mm
Tolerance ±0.08mm
Printing speed 30− 50mm/s
Printing temperature 230− 250C◦
Density 1215kg/m3
Shore hardness (A) 84
Tensile strength 39
MPA strain to break 700%
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